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Erd\’os-Renyi random graph Erd\’os-R\’enyi random graph
: $N$ 2 $p$
Erd\’os-Renyi random graph
[8] ([9, section 11.2] ): $p= \frac{c}{N}$ ( $c$ ) Erd\’os-Renyi random
graph $c>1,$ $c=$ l, c $<1$ $\Theta(N),$ $\Theta(N^{2/3}),$ $O(\log N)$
simple random walk (SRW) [4, 3]:
$p= \frac{c}{N}$ ( $c$ ) Erd\’os-R\’enyi random graph SRW
$c>1,$ $c=1$ $\Theta(N(\log N)^{2}),$ $\Theta(N)$ $(c<1$ $c$ $N$
[3] ). Erdo$\prime\prime s$-Renyi random graph
SRW [2, 7].
[1]. 4 (
packing number, covering number)
SRW
2
$G=(V(G), E(G))$ $V(G)$ , $E(G)$ 2
( [12] Chapter10, 11 ):. (cover time): $t_{cov}(G)$
$:= \max_{x\in V(G)}E_{x}(\max_{y\in V(G)}\mathcal{T}_{y}(G))$ ,
$\tau_{x}(G)$ SRW $x$
. (maximal hitting time): $t_{hit}(G)$ $:=$ $\max$ $E_{x}\tau_{y}(G)$ .
$x,y\in V(G)$




$t_{hit}(G)\leq t_{cov}(G)\leq 2\cdot t_{hit}(G)\cdot\log|V(G)|$ , (1)
$|V(G)|$ (1) (1)
Matthews [13] (1) $t_{hit}(G)\cdot\log|V(G)|$




$R_{eff}(x, y)^{-1}:= \inf\{\mathcal{E}(f, f):f\in \mathbb{R}^{V(G)}, f(x)=1, f(y)=0\}, x, y\in V(G)$ .
$\mathcal{E}(f, f);=\frac{1}{2}\sum_{u,v\in V(G)}(f(u)-f(v))^{2}, f\in \mathbb{R}^{V(G)}.$
$\{u,v\}\in E(G)$
$R_{eff}(x, y)$ :
$P_{x}( \tau_{x}^{+}(G)>\tau_{y}(G))=\frac{1}{\deg(x)\cdot R_{eff}(x,y)}$, (2)
$\tau_{x}^{+}(G)$ 1 SRW $x$ $\deg(x)$ $x$ (2)




Commute time identity ([5], [12, Proposition 10.6]): $x,$ $y\in V(G)$
$E_{x}(\tau_{y}(G))+E_{y}(\tau_{x}(G))=2|E(G)|R_{eff}(x, y)$ ,
$|E(G)|$ $G$
(1) diam$R(G)$ $:= \max_{x,y\in V(G)}R_{eff}(x, y)$ :
$|E(G)|$ . diam$R(G)\leq t_{cov}(G)\leq 4|E(G)|$ . diam$R(G)\cdot\log|V(G)|.$
3 packing number covering number
SRW packing number covering
number $G=(V(G), E(G))$ :
$B_{eff}(x, r):=\{y\in V(G):R_{eff}(x, y)\leq r\}.$
116
covering number packing number :
$n_{cov}(G, r)$ $:= \min\{m\geq 1$ : $x_{1},$ $\cdots,$ $x_{m}\in V(G)$
$V(G) \subset\bigcup_{k=1}^{m}B_{eff}(x_{k}, r)\},$
$n_{pac}(G, r)$ $:= \max\{m\geq 1$ : $x_{1},$ $\cdots,$ $x_{m}\in V(G)$
$B_{eff}(x_{1}, r),$ $\cdots,$ $B_{eff}(x_{m}, r)$ disjoint $\}.$
4 1:
$G=(V(G), E(G))$
4.1 ([1, Theorem 1.3, 1.4])
(1) cl, $c_{2}>0$
$\log\{n_{pac}(G, c_{1}\cdot diam_{R}(G))\}\geq c_{2}\log|V(G)|$
$c>0$
$c\cdot t_{hit}(G)\cdot\log|V(G)|\leq t_{cov}(G)\leq 2\cdot t_{hit}(G)\cdot\log|V(G)|.$
(2) $c_{1}>0$ $r_{0}=$ diam$R(G)\geq\cdots\geq r_{k_{ }-1}>0=$ rk $(r_{k})0\leq k\leq k_{ }$
$\sum_{k=1}^{k_{0}}\sqrt{r_{k-1}\log\{n_{cov}(G,r_{k})\}}\leq c_{1}\sqrt{diam_{R}(G)}$
$c>0$
$t_{hit}(G)\leq t_{c}$ $v(G)\leq c\cdot t_{hit}(G)$ .
1: (1) supercritical random graph $G$
(1) [1]
Section 3.1, 3.3
2: (2) critical random graph (2)
covering number (
$)$ [1] Section3.5, 3.8
3: (1) hitting time Matthews [13] (1)
(2) [3]
(2)
4: (1), (2) cover time Gaussian free field [6], Gaussian field




critical Galton-Watson family tree
$(Z_{N})_{N\geq 0}$ generating function critical Galton-Watson process :
$E(s^{Z_{1}})=s+(1-s)^{\alpha}L(1-s), s\in(O, 1)$ ,
$L$ $Xarrow 0+$ slowly varying $\alpha\in(1,2].$
Galton-Watson process $(Z_{N})_{N\geq}0$ Galton-Watson family tree 1
Kesten :
5.1 ([10, Lemma 1.14]) $\mathcal{T}\leq k$ $(Z_{N})_{N\geq 0}$ Galton-Watson family tree
$k$ $k$ family tree $T$ :
$\lim_{Narrow\infty}P(\mathcal{T}_{\leq k}=T|Z_{N}>0)=|T_{k}|P(\mathcal{T}_{\leq k}=T)$,
$|T_{k}|$ $T$ $k$ $(T)=|T_{k}|P(\mathcal{T}_{\leq k}=T)$ infinite family tree
$\mathbb{P}$
5.1 $\mathbb{P}$ $\tau*$ incipient infinite cluster (IIC)
( 1 ). backbone
path $k$ $(k+1)P(Z_{1}=k+1)$
$(Z_{N})_{N\geq 0}$ Galton-Watson family tree ([10,
Lemma 2.2] ).
IIC $N$ $\mathcal{T}_{\leq N}^{*}$ $\mathcal{T}_{\leq N}^{*}$ SRW
5. 1 ([1, Proposition 3.14])
$c_{1},$ $c_{2}$ $\lambda>0,$ $N\in \mathbb{N}$
$\mathbb{P}(\lambda^{-1}N^{\frac{2\alpha-1}{\alpha-1}\ell(N)^{-1}}\leq t_{cov}(\mathcal{T}_{\leq N}^{*})\leq\lambda N^{\frac{2\alpha-1}{\alpha-1}P(N)^{-1})}$
$\geq 1-c_{1}\lambda^{-c_{2}},$
$\ell(N)$ $P(Z_{N}>0)=N^{-\frac{1}{\alpha-1}\ell(N)}$ slowly varying function.
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